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V' = —hl(py — M? + (& — Adg)? 4 (ry — 185)°1

The set {X : y = 0} is invariant and the set £ \ {x : y = 0} does not contain
complete trajectories of system (4, 2) (the proof of this is similar to [3]). Consequently,
if conditions (3, 14) and (4. 4) are satisfied, the unperturbed motion x = ( is asympto-
tically y-stable as a whole [5].

Theorem 4. If the initial conditions z; (0) (i = 1, 2, 3) of the linear system
(3.11) are selected in accordance with (3, 12) and (3. 14}, and condition (4. 4) is satisfied,
the solid body sunjected to moment (4. 1), where p°is determined by equalities (3. 21)
and (4, 5) in the presence of gravitational forces either performs the motion

W = ?VH()' Ho = So (4. 6)

or asymptotically tends to such motion. Motion (4. 6) is asymptotically stable according
to Liapunov.

In concluding the author thanks V. V. Rumiantsev for stating the problem and constant
interest in this work,
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Existence of a new set of periodic solutions of the problem of a heavy solid body
motion about a fixed point is proved by the small parameter method of Poincaré.

1t is assumed that the body does not greatly differ from a body with a dynamic sym-
metry axis, and that the constant of integration of the moment of momentum is
fairly small.

Let us consider the motion of a heavy solid body about a fixed point, The equation of
motion of this problem can be reduced to a fourth order system describing the motion
of a fictitious material point in a plane, by using the cyclic integral 47 / 8¢° = f, where
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7 is the kinetic energy, ¢ is the precession angle, and f is an arbitrary constant. To

do this we effect two consecutive transformations of coordinates.

The first of these is defined by formulas

sn u
‘P=Arctgcn—usa-; ; @ =arccos ﬂd}ﬁ%—‘f—

where @ and O are, respectively, the angles of spin and of nutation; u and s are thenew
variables with the elliptic functions of argument u having k = [(4 — B)C / (4 — C)BY",
as their module, while the elliptic functions of argument ¢ depend on module %' =
(1 — k),

The second transformation is defined by formulas ( *)

L3 3
:t=&p,1(u)du, y:—Sm(s)ds
0 0

A — Bk'?sn?s
pi?(w) = B+ (A — B)sn?u, p{s)==—"7Jm; —

The equations of motion are regularized by the introduction of the new variable de-
fined by dt = Idx, where

Ck snfs
I=-x" (k'* dnts T cn2u>

A =-§£§ (Ak%sn?y - Bk?cn?u sn®s + C dn® ucn?s)
As the result, we obtain the system of equations of motion
Q 7Q ,
xn_,fk_y::'Vx/’ yn +Txl=VU (1)

where the prime denotes differentiation with respect to v and the following notation is

used ; I mg i
V=T["“&'r?é’(""s““”*‘bksn“’““+°d“”“s— 2R )]

~ s (0 [ w2 [ 25 )
snis

v1(u) == Cdu?u-} k(4 — B)sn®ucn?u, ‘Vz(s)—.Ccn"s—kg(‘l—B)m

snscns
T dos ¢
where 4 is the constant of kinetic energy, and a, b and e are coordinates of the body
center of gravity, attached to the latter.

System (1) has the Jacobi integral & ? 4 y'® = 2V in which the arbitrary constant
must be deleted,

The Poincaré method of small parameter can be used for proving the existeace of pe-
riodic solution of Egs. (1) and for their actual derivation. We restrict the analysis to the
case of small § for which it is possible to set § == k%f*, where f* is the finite quantity,
As the small parameter we take module % of elliptic functions, and construct the solu-
tion in the form of series

z( =z (D + k(D .., 0=y +kyp@@+...

M{uwy==snucnudny, Ax(s)= ==1{ —cn?ucnts

*) An error appears to have slipped in in the similar transformation in Arzhanykh's pa-
per[1].
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The simplified system of equations

aVo Vo
" e [ 2
0= Bz, 0 YO = By (2)

0= — 2'—1_—.—-!—8 2 —
Vo= (h — mgc) (cos i sh?—m >
VAa va

is obtained from (1) for k = 0 . Its general solution can be written as

To ) Yo __ %
cos e =cn (w1, %),  sh VA ~ won(ws, %)

c 2 (h —mgc
wy=0(r—71), =12 c=]/i%4———°—)—,

a 2 (h —mgc)
2= 1+ 2 (h— mgo)

We consider here only the case of h — mge > 0 and C; > 0.

The generating solution is obviously periodic of period T = 467K (x), where K (x) is
a complete elliptic integral of the first kind.

Let us pass to solving the equations in variations

2 2
" = aaTI:;: 1, Y= ._37[_::_3/1 3)

Since system (2) is autonomous, system (3) admits the particular solution z; (%) =
zy' (9), 1}1 (t) = yo’ (7). Hence by introducing variables z; = %’§, y; = yo'n, we can
write the first approximation equation in the form

10,25, + (zolg)l El — f*QOIO'yO', yolz,n!/ + (UO’Z), nr — f*QOIO'y[)’ (4)

where @, is the value of function Q for & = 0) .
From (4) we obtain the general solution of the first approximation equation

7 =z {B;& xi::; 4B+ f* S <S Qozo’Yo’ d'c> %} (9)

, dv . dt
=y Bs\ o +-Ba—f* &Qomyo dv m’}

where By, P2, By and B, are constants of integration,

In accordance with the symmetry theorem in [2] the conditions of periodicity of solu-
tion of system (1) can be simplified. Since system (1) is invariant with respect to substi-
tutions 1._>._.1:,;;-)—z’y—-)y,z'._,x’,y’._)_y’

the conditions of periodicity become

T T
P1=20)=0, Y=z <—2—> =0, Ys=y'(0)=0, Ya=y’ (—2—> =0
They constitute a system of equations in parameters f§; which are compatible for
D (1, P2, Ps, Pg) ]
Rz IR (6)
Taking into consideration the form of the first approximation equations (5) it is possi-
ble to transform condition (6) to the form
D (Y, pa) ] D (s, pa)

[ D, Ba) Jimo T 0 [ D@, Ba) ]kzo +0 (M

Carrying out integration in (5), we obtain
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— 1 n? cn

n=o Vimn | o [Eamm - 2522 ot mt ) ©
— , snw: 1 cn w2 dn w

m=ocVAx oD s { Ve [ S0 ws 2 +E(amwz)]Bs+.B4+...}

Using (8) we reduce conditions (7) of existence of periodic solutions to the inequalities

D (s, P2 2 D (s, ba )
[ D (gl, Efz)) :|k=0 =—gwz EM)F0, l: D((‘gs, ;’i)) ]"'=0 =2E0)

which are satisfied for any periodic solutions escept for »' = 0.

Quasi-periodic motions of the solid body generally correspond to the derived periodic
solutions of system (1).

In fact let us consider the cyclic integral

, If —Co’cos ¢
V' = TAsin¢ + Beos' ¢) + Ccos? ®

By expanding its right-hand part in Fourier series in multiples of argument t/ T and
integrating, we obtain ¢ = n (v — 7,) + @ (), where ® (v + 7) = © (1), and r is a
constant quantity dependent on initial conditions. It is obvious that generally 7" is not
a multiple of 2m, which shows the validity of the above conclusion.

REFERENCES

1, Arzhanykh,I. S, , On the equations of rotation of a heavy solid body about a
fixed point, Dokl, Akad, Nauk SSSR, Vol, 97, N2 3, 1954,
2, Demin, V. G., Motion of an Artificial Satellite in a Noncentral Gravity Field.

Nauka", Moscow, 1968, Translated by J.J. D,

UDC 531.36
ON THE STRUCTURE OF FORCES

PMM Vol. 39, N¢ 5, 1975, pp. 929-932
D, P, MERKIN
(Leningrad)
(Received November 25, 1974)

1t is shown that a wide class of nonlinear forces can be represented by the sum of
potential, nonconservative position, gyroscopic and dissipative forces.

Investigation of motion stability is in many instances conveniently achieved by ana-
lyzing the structure of acting forces. This method, whose basis was established in [1],
has been recently successfully applied mainly to linear systems of arbitrary forces which
can be fully represented as the sum of potential, nonconservative position, gyroscopic and
dissipative forces, It is shown in this paper that such representation of forces can alsobe
applied to a wide class of nonlinear forces.

Let an arbitrary vector field Q (z) = Q (z;, . . ., #n) be specified in some region of
an n-dimensional orthogonal space ¢ = (z;, . .. s &,). We call the vector field R (x)

a circulation field, if at every point M of the specified field region vectors R and x



